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We consider classical Yang-Mills theory with point sources and derive equations of motion for the
coupled particle-field system. As an example, we discuss the special case of Yang-Mills theory

coupled to point particles in (1

+ 1) dimensions. We formulate the initial value problem for the

system and describe several example solutions. © 2011 American Association of Physics Teachers.
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I. INTRODUCTION

Yang-Mills theory plays a central role in explaining fun-
damental interactions, because both the strong and Weak
interactions are described by Yang-Mills theories.'? Stu-
dents are usually introduced to Yang-Mills theory in the
context of quantum field theory and never encounter Yang-
Mills theory in its classical form. In contrast, students do
not study quantum electrodynamics until they have thor-
oughly mastered classical electrodynamics. In this paper,
we fill this gap by discussing classical Yang-Mills theory
coupled to point sources. We derive the equations of motion
for the coupled particle-field system and present several
example solutions to these equations for Yang-Mills theory
in (1 + 1) dimensions.

In Sec. II, we briefly review ordinary classical electrody-
namics. In Sec. III, we generalize ordinary electrodynamics to
what we call color electrodynamics, which can be thought of
as electrodynamics with three different types of charge. In
Sec. IV, we generalize from color electrodynamics to Yang-
Mills theory by means of symmetry principles. We then spe-
cialize to the case of (1 4+ 1) dimensions. In Sec. V, we discuss
ordinary electrodynamics in (1 + 1) dimensions, and in Sec.
VI, we discuss Yang-Mills theory in (1 + 1) dimensions. In
Sec. VII, we present several example solutions to the equa-
tions of motion for Yang-Mills theory in (1 4 1) dimensions.

The following notation is used. The sign function €(x) is
defined such that e(x)=1 if x>0, e(x)=0 if x=0, and
e(x)=—1if x <0. The step function 0(x) is defined such that
Ox)=1ifx>0,0(x)=1/2if x=0, and O(x) =0 if x <O.

II. ORDINARY ELECTRODYNAMICS

We begin by briefly reviewing ordinary classical electro-
dynamics. For simplicity, we consider the case of a single
point particle source. Let m and g denote the mass and elec-
tric charge of the particle, and let z*(t) and w"(t) = dz"(z)/dx
denote its position and velocity at proper time 7. The electro-
magnetic field is described by a vector potential A" from
which we derive the field strength tensor F'**:

F* = 0rAY — OVA*. (1)
The field strength tensor satisfies the field equation
O " = 4nJ”, 2)

where the current density J* is given by3
JH(x) = wa”(r) oW (x = z(1)) dr. 3)
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The particle equation of motion is

awt
mZ = gF"w,. ()
dt
Equations (1)-(4) give a complete description of
electrodynamics.

An important property of electrodynamics is that it is
invariant under the transformation A* — A" + 0"/, where A
is an arbitrary position-dependent parameter. Such a trans-
formation is called a local abelian gauge transformation:
local, because 4 can be different at different points in space-
time, and abelian, because the net effect of two such trans-
formations is independent of the order in which they are
performed.

III. COLOR ELECTRODYNAMICS

We will now generalize electrodynamics so that instead of
one type of charge, electric charge, we have three types of
charge, which we call color charge.* We denote the three
color charges of the particle by ¢, ¢, and ¢., and we define
a vector ¢ = (qy, qy,q:), which we call the charge vector.
Note that ¢ is a vector in color space, not physical space. We
will refer to vectors in color space as color vectors and will
denote them by using horizontal arrows.

In color electrodynamics there are three vector potentials,
one for each type of color charge, which we collect to form a
color vector A*. The corresponding field strength tensor F v

is given by
Fv = 9"AY — 9V A, 5)

The field strength tensor satisfies the field equation

O F" = 4, (6)
where the color current density Jiis given by
J'(x) = § Jw"( )6 (x — =(x)) dr. 0
The particle equation of motion is
dwt -
m — G Fw,. 8)
dt

Equations (5)—(8) give a complete description of color
electrodynamics.

The physical interpretation of color electrodynamics is
simple: each type of color charge produces a corresponding
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color field that obeys the laws of ordinary electrodynamics,
and charges and fields of different colors do not couple to
each other. The force on a particle is the sum of the forces
exerted by each of the three color fields.

Color electrodynamics is closely analogous to ordinary
electrodynamics. For example, two particles with charge
vectors ¢ and ¢, experience an attractive force if g - > is
negative and a repulsive force if §; - ¢, is positive. Also, the
field equation for the theory is linear and therefore obeys the
superposition principle: the field generated by a collection of
particles is the sum of the fields generated by the individual
particles.

Like ordinary electrodynamics, color electrodynamics is
invariant under local abelian gauge transformations, which
in this case take the form

Al A1 4 ©)

where the color vector / is an arbitrary position-dependent
parameter. But there is an additional symmetry of color elec-
trodynamics that is not present in ordinary electrodynamics:
we are free to globally rotate the color vectors. That is, the
theory is invariant under the transformation

g—Rq, JE— R, (10)

A" — RA™, F" — RF™ (a1
where R is an arbitrary rotation matrix.

This rotational symmetry implies that the theory depends
only on the relative orientation of color vectors, not on their
absolute orientation in color space. For example, we saw that
the force between two particles depends only on the dot
product ¢; - ¢». Invariance under global color rotations is
analogous to invariance under Lorentz transformations,
because a Lorentz-invariant theory depends only on relative
velocities, not on absolute velocities.

In what follows, it will be useful to restrict ourselves to in-
finitesimal transformations. This restriction does not entail a
loss of generality, because finite transformations can always
be composed out of sequences of infinitesimal transforma-
tions. Consider a rotation R of infinitesimal magnitude 6
about an axis 7. For an arbitrary color vector v, we have that
RV =7V+ 0 x v, where 0 = 0n. From Egs. (9)—(11), it fol-
lows that color electrodynamics is invariant under the
transformation

—

G—q+0x4g, (12)
T TG x J* (13)
Al A 4§ x A* 4 Ot (14)
Fv — Fv 4 g x Fv (15)

where 7 and 0 are infinitesimal color vectors. The color vec-
tor 6 must be constant, but J can be different at different
points in spacetime. We will refer to this transformation,
which combines a local abelian gauge transformation with a
global color rotation, as a general transformation.

IV. YANG-MILLS THEORY

Color electrodynamics is invariant under local abelian
gauge transformations and global color rotations. We will
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now generalize color electrodynamics so that it is invariant
not just under global color rotations, but local color rotations
as well; that is, we want our theory to be invariant under gen-
eral transformations for which both £ and 0 depend on
position.

We first introduce some terminology a color vector V' that
transforms like ¥ — ¥+ 0 x ¥ under a general transforma-
tion is said to transform properly. So ¢, J", and F* should
transform properly, but A" should not. Our first task is to find
an expression for the field strength tensor that transforms
properly, given Eq. (14) for the transformation of the vector
potential. We want to generalize color electrodynamics, so
we start by considering the tensor

Y = gAY — 9YAM. (16)

From Egs. (14) and (16), it follows that

FiY = B 4 0 x Y + 910 x A — "0 x A*,  (17)
so F o does not transform properly. Another natural tensor to
consider is

-, —

FI = gAl x A, (18)

where g is a constant with units of inverse charge. From Egs.
(14) and (18), it follows that

Fi — P 40 x FY 4 g0 x A + gA¥ x 9" 7, (19)

so Fi” does not transform properly either.’ In fact it is not
possible to define a viable field strength tensor if 6 and 7 are
taken to be independent parameters. But if we define

F' = B 4 B = 9MAY — QVAF + gAF x A, (20)
and take / = —(L/g)g the unwanted terms in Egs. (17) and
(19) cancel, and F* transforms properly.

Our theory is thus not invariant under independent local

abelian gauge transformations and local color rotations, but

is invariant  under general transformations for which
=—(1/g)o:

G—q+0x4q. 1)

TE— JE 0 x TE (22)

AF 5 AF 4G x AF — (1/g)0"0, (23)

Fv — Fv 4 0 x F™. (24)

Such transformations are called local nonabelian gauge
transformations: nonabelian, because the net effect of two
such transformations depends on the order in which they are
performed. In what follows, we will consider only nonabe-
lian gauge transformations rather than arbitrary general
transformations, and we will say that a vector V' transforms
properly if it transforms like v — V' + 0 x V' under local non-
abelian gauge transformations.

Now that we have an expression for the field strength
tensor, we would like to generalize the field equation (6). We
immediately encounter a problem due to the presence of the
derivative 0,, because if an arbitrary color vector ¥V trans-
forms properly then its derivative 0,1 does not:
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— —

OV — OV + 00 X V40 x 9,7 (25)
Let us define an operator D, such that
D,V = 0,7+ gA, x V. (26)

From Egs. (23), (25), and (26), it follows that if V' transforms
properly, then so does D, V:

D,V — D7+ 0 x D,7. 27)
Thus, we will take the field equation to be
DF — F 4 g&, x F* — an]?”. 28)

The particle equation of motion (8) for color electrody-
namics is already invariant under local nonabelian gauge
transformations and thus requires no modification:

dwt

=G F"w,. 29
m—=q-Fw (29)

There is one more complication we must address to com-
plete the theory: whereas in color electrodynamics the charge
vector ¢ is a fixed quantity, in our generalized theory it must
be allowed to depend on the proper time 7. We can under-
stand why from the following considerations. By using Egs.
(20) and (26), we can relate the commutator of D, and D, to
the field strength tensor F,,:

[D,,D,)V = D,D,V —D,D,7 = gF,, x V. (30)
If we apply D,, to both sides of Eq. (28), we find that
47D, J" = D,D,F" = (1/2)[D,, D, JF" =0, (31)

where we have used the antisymmetry of Fm and substituted
for [D,,, D,] using Eq. (30). Thus, the source J# must satisfy
the current conservation relation

DJ" = 8, J" + gA, x J* = 0. (32)
The current density is given by
JH(x) = Jq*(f)wﬂ(r) 59 (x — 2(7)) dr, (33)

where we have allowed for the possibility that ¢ depends on
7. If we apply 0, to both sides of Eq. (33) and integrate by
parts, we find that

B (x) = — Jc?(r) L 50(x — 2(x)) dn (34)
= J%&%W (x —z(1)) dr. 35)

Here we have used the fact that
di(s(‘” (x — 2(1)) = —w*(2)8,0W (x — 2(7)). (36)
T

If we substitute Egs. (33) and (35) into the current conserva-
tion equation (32), we find that
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J (% + gA, % c}'w“) 0 (x — z(1))dr = 0. (37
T

Thus, the equation of motion for the charge vector ¢ is

dq v

d—‘r’ — —gwhA, % §. (38)
Therefore to satisfy current conservation, as described by
Eq. (32), we must allow the charge vector to vary in time as
described by Eq. (38). From Eq. (38), it follows that
d|G* /dz = 2G - dg/dt = 0, so the magnitude of the charge
vector is constant in time.

We have now completed our generalization of color elec-
trodynamics. The field strength tensor and current density
are given by Egs. (20) and (33), the field equation is given
by Eq. (28), and the evolution of the particle is described by
Egs. (29) and (38). The resulting theory is known as Yang-
Mills theory.” It is invariant under local nonabelian gauge
transformations, as described by Eqs. (21)—(24).

Yang-Mills theory differs from color electrodynamics
because there are nonlinear terms in the field strength tensor
(20) and the field equation (28), and because the charge vec-
tor is rotated by the vector potential as described by Eq. (38).
The presence of these new features is dictated by the require-
ment that Yang-Mills theory be invariant under local nona-
belian gauge transformations. The nonlinear terms and the
rotation rate of the charge vector are all proportional to g, so
for g =0, Yang-Mills theory reduces to color electrodynam-
ics. The greater the value of g, the more important these new
features become, and the more Yang-Mills theory deviates
from color electrodynamics. Because of the nonlinear terms,
Yang-Mills theory does not obey the superposition principle.

V. ELECTRODYNAMICS IN (1 + 1) DIMENSIONS

For simplicity, we will consider the special case of Yang-
Mills theory in (1 + 1) dimensions. For comparison, we first
consider ordinary electrodynamics in (14 1) dimensions.”®
We define

Al = (V,A), T = (p,J), (39)

= (t,2), wh = (y,pv), (40)

where v=dz/dt and y=(1 — )2 In (1 +1) dimensions,
the electromaognetic field is described by the single electric
field £=F'"=—F"". From the definition of the field
strength tensor given in Eq. (1), we find that

E= -0V — 9A. (41)

In (1 4 1) dimensions, the field equation (2) can be expressed
as the pair of equations’

OE = —2J, (42)
OE =2p, (43)

and the particle equation of motion (4) can be expressed as
du/dt = (q/m)E, (44)

where u = yv=(1 — v») "y, From Eq. (3), we find that p
and J are given by
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p(t,x) = qo(x — z(1)), (45)
J(t,x) = qv(t)o(x — z(1)). (46)

Equations (41)—(46) give a complete description of electro-
dynamics in (1 + 1) dimensions. If we compare this theory to
electrodynamics in (3 + 1) dimensions, we see that Eqs. (42)
and (43) are analogous to Maxwell’s equations, and Eq. (44)
is analogous to the Lorentz force law.

VI. YANG-MILLS THEORY IN (1 + 1) DIMENSIONS

Now let us consider Yang-Mills theory in (1 + 1) dimen-
sions. We define

-, =

Al = (V,A), J=(p,J), (47)
= (1,z), = (p,yv). (48)

From the definition of the field strength tensor F* given in
Eq. (20), we find that F1© = —F%! = E, where

E=—-0V—0A+gAxV. (49)

In (14 1) dimensions, Eq. (28) can be expressed as the pair
of equations

OF = —2J — gV X E, (50)

OE =27+ gA x E, (51)
and Egs. (29) and (38) can be expressed as

du/dt = G-E/m, (52)
dg/dt = —g(V —vA) x §. (53)

From Eq. (33) for the charge density, we find that p and J

are given by
p(t,x) = q(1)o(x — =(1)), (54)
T(t.x) = v(0)G(0)3(x — 2(1)). (55)

Equations (49)—(55) give a complete description of Yang-
Mills theory in (1 + 1) dimensions.

Let us now consider the initial value problem for the sys-
tem. We will take the dynamical variables for the field to be
E,V, and A, and the dynamical variables for the particle to
be z, w”, and g. The first field equation (50) gives us an
equation of motion for E. We can obtain an equation of
motion for A by using the definition of E given in Eq. (49):

DA =—0V —E+gAxV. (56)

To obtain an equation of motion_for V, we impose the Lor-
entz gauge condition D,A* = 0, Al = 0:

oV = —8A. (57)

The equations of motion (50), (52), (53), (56), and (57) com-
pletely determine the evolution of the system: given initial
conditions for the dynamical variables, we can integrate
these equations to evolve the system in time.

Note that we have not yet used the second field equation
(51). This equation does not serve as an equation of motion;
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rather it acts as a constraint on the allowed initial conditions.
We define a color vector G to measure the violation of this
constraint:

G=0E—27—gAxE. (58)

By using the equations of motion (50) and (56) for E and X,
together with the current conservation equation (32), one can
show that

G = —gV xG. (59)

Thus, if the constraint is satisfied by the initial conditions
(G(0,x) = 0), it will remain satisfied as the system evolves
in time (G(z,x) = 0).

So far we have considered only the case of a single parti-
cle, but it is straightforward to generalize to the case of N
particles. Let z/ = (t,z,), wk = (y,,7,vx), and g, denote the
position, velocity, and charge vector of particle n. The equa-
tions of motion for particle n are

duy/dt = G, - E/m, (60)

dg,/dt = —g(V = v,A) x G, (61)
where u, = 7,v,. The equatlons of motion for the field vari-

ables E, V, and A are still given by Egs. (50), (56), and (57),
but the charge density p and current density J are now given

by
Z Gt
=S nod

VII. EXAMPLE SOLUTIONS

0(x — z,(1)), (62)

O(x — z,(2)). (63)

Let us now consider some example solutions to Yang-
Mills theory in (1 + 1) dimensions. We will first describe a
two-particle solution. Let us assume that at time =0 the
particles have equal and opposite charge vectors:

G1(0) = —4>(0) = Q. (64)

It is straightforward to show that the following expressions
satisfy the initial conditions (64), the equations of motion
(50), (56), (57), and (61), and the constraint equation
G(0,x) =0:

Gi(t) = —Ga(1) = Oo, (65)
E(t,x) = Ople(x — 21 (1)) — e(x — 22(1))), (66)
A'(1,x) = Qo J (W (D)D,(x" — 2%(x)) “

z5(1))) dr.

Here x* = (¢, x), and D(x") = 0(t — Ixl) is the retarded Green
function for the inhomogeneous wave equation in (14 1)
dimensions. The remaining equation of motion (60) becomes

duy Jdt = —duy /dt = —ae(zy — z2), (68)
where a = |Qo|*/m. From Eq. (68), we see that the particles
feel an attractive force whose strength is independent of the

particle separation.
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Let us assume that the particles start out at rest at the ori-
gin with equal and opposite velocities, so that
21(0) = z,(0) = 0, u1(0) = —uy(0) = Up. (69)
We can integrate Eq. (68) subject to these initial conditions
to obtain

2(t) = — () =a (1 + U2
— (L+ Ugf*(20/T)e(f (¢/T)), (70)

where f(x) = 1 —2(x — [x]) and T = 4Uy/a. Here [x] denotes
the integer part of x; that is, [x] is the largest integer less
than or equal to x. Thus, the particles undergo periodic oscil-
lations with period T and amplitude a~'((1 + U2)"/* = 1). In
Fig. 1, we plot the particle trajectories for Uy=0.5 and
a=1.

Note that this solution is independent of the coupling con-
stant g. This independence follows from the fact that g enters
into the equations of motion only as a prefactor to cross
products of color vectors such as E, V, A, and g,. Because
these vectors are all oriented along Qy, the cross products all
vanish, and the solution is therefore independent of g.

In particular, the solution satisfies the equations of motion
for g =0 Yang-Mills theory, which we have seen is equiva-
lent to color electrodynamics. By a suitable choice of gauge,
we can always take Qg to lie entirely along the X-axis, in
which case only one of the three types of color charge is
actually present. Thus, the particle trajectories are a solution
to the equations of motion for ordinary electrodynamics,
where the electric charges of the particles are taken to be
*+]Qo|- As we would expect, the two particles undergo peri-
odic oscillations due to their mutual Coulomb attraction.

Let us now consider a four-particle solution. We will take
the initial conditions for the particles to be

71 =2p = —z3 = —24 = 2y, (71)
U = —up = u3 = —uy = Uy, (72)
q1 = —q2» = —QoX, (73)
G = —qa = — Qo). (74)

First, let us take g =0, for which Yang-Mills theory reduces
to color electrodynamics. Because the charge vectors for par-

t

Fig. 1 Particle positions z; and z, versus time .
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ticles 1 and 2 lie along the x-axis, and the charge vectors for
particles 3 and 4 lie along y-axis, the particle pairs (1, 2) and
(3, 4) carry different types of color charge and thus do not
interact with each other. The two pairs therefore evolve inde-
pendently: the two particles in each pair undergo periodic
oscillations due to their mutual Coulomb attraction, as
described by the two-particle solution. The resulting four-
particle solution is plotted in Fig. 2(a) for Zy=0.1, Uy=0.5,
anda=Q3/m=1.

Next, we consider g # 0. We can evolve the system in
time by numerically integrating the equations of motion sub-
ject to the initial conditions for the particle variables given in

(b) t

Fig. 2 Particle positions zy, z;, z3, and z4 versus time ¢. (a) g=0. (b) g=1.
(c) g=>5.
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Egs. (71)=(74)."%!" We also need initial conditions for the
field variables, which we take to be

E(0,x) = V(0,x) = A(0,x) = 0. (75)

Note that the initial conditions satisfy the constraint equation
G(0,x) = 0. In Figs. 2(b) and 2(c), we plot the resulting par-
ticle trajectories for g=1 and g =35, where Z,, Uy, and a
have the same values as in Fig. 2(a). At early times, the two
pairs of particles oscillate independently, and the solution is
well approximated by the solution for g=0. At late times,
the nonlinear terms in the equations of motion become im-
portant and the solutions deviate from the g=0 solution.
The time at which the deviation begins is # ~ 4 for the g =1
solution and t~ 2 for the g=5 solution. As we would
expect, the deviation is more pronounced for larger values of
g. In Figs. 3(a) and 3(b), we plot the components of the
charge vectors ¢; and ¢, for the g =5 solution. As expected,
the charge vectors are rotated by the vector potential. Figures
2 and 3 show that the nonlinearity of g # 0 Yang-Mills
theory can produce very complicated dynamics.

As a consistency check, we repeat the calculation of the
g =15 solution using a different choice of gauge. We use the
same initial conditions for the particle variables as before,
but we take the initial conditions for the field variables to be

1.0

(b) t

Fig. 3 Charge vector components versus time 7. (a) Charge vector ¢;. (b)
Charge vector ¢,.

930 Am. J. Phys., Vol. 79, No. 9, September 2011

E(0,x) = A(0,x) =0,  V(0,x) = Vo£, (76)
where V= 1. We perform the numerical integration and find
that the particle trajectories are still given by Fig. 2(c). This
result is expected, because the particle trajectories are inde-
pendent of the choice of gauge. The charge vectors, how-
ever, do depend on the choice of gauge, and for the new
initial conditions they evolve as shown in Fig. 4. Note that
although the directions of the charge vectors depend on the
choice of gauge, the magnitudes do not: a gauge transforma-
tion rotates the charge vectors, but does not scale them. The
magnitudes of the charge vectors are thus independent of
time and independent of the choice of gauge.

These solutions help illustrate how Yang-Mills theory can
be viewed as a two-step generalization of ordinary electrody-
namics. The solution shown in Fig. 1 can be understood
entirely in terms of ordinary electrodynamics: the particles
undergo periodic oscillations due to their mutual Coulomb
attraction. In Fig. 2(a), we move from ordinary electrody-
namics to color electrodynamics: the two particles in each
pair undergo periodic oscillations due to their mutual Cou-
lomb attraction, but the pairs do not interact with each other
because they carry different types of color charge. The solu-
tions shown in Figs. 2(b) and 2(c) show how the nonlinear
terms in the Yang-Mills field equations give rise to compli-
cated particle dynamics when g # 0.

1.0

0.5 A

0.0 4

-0.5

-1.0

(a) t

1.0

0.5 1

0.0 4

-0.5 1

(b) t

Fig. 4 Charge vector components versus time 7. (a) Charge vector ¢;. (b)
Charge vector .
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VIII. CONCLUSIONS

We have described classical Yang-Mills theory with parti-
cle sources and derived the equations of motion for the
coupled particle-field system. As an example, we described in
detail the special case of Yang-Mills theory coupled to par-
ticles in (1 + 1) dimensions. We presented several example
solutions and showed that the nonlinearity of the equations of
motion leads to complicated particle dynamics. The investiga-
tion of the particle dynamics in this (1 4 1)-dimensional sys-
tem could form the basis of some interesting research projects
for students.
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between the terminals in front) and the coil. Tuning is accomplished by sliding the contact along the coil, thus
adjusting the number of turns in the circuit. The galena crystal is behind the capacitor, and the metallic cats-whisker
in contact with the surface of the crystal forms the required metal-semiconductor rectifying junction. (Notes and

photograph by Thomas B. Greenslade, Jr., Kenyon College)
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