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Abstract. We report on a nontrivial type of slow-fast dynamics in a Josephson junction model externally
shunted by a resistor and an inductor. For large values of the shunt inductance the slow manifold is highly
folded, and different types of dynamical behavior in the fast variable are possible in dependence on the
other parameters of the junction. We discuss how particular features of the dynamics are manifested in
the current-voltage characteristics of the shunted junction.

PACS. 05.45.-a Nonlinear dynamics and nonlinear dynamical systems – 85.25.Cp Josephson devices –
74.81.-g Inhomogeneous superconductors and superconducting systems

1 Introduction

Resistively shunted Josephson junctions appear in many
applications, as for instance in Josephson junction ar-
rays and ladders [1–3] and in superconducting quantum
interference devices (SQUIDs) [4]. The simplest possible
model to describe the dynamics of a Josephson junction is
the resistively and capacitively shunted junction (RCSJ)
model where a resistor and a capacitor are shunted par-
allely to the ideal Josephson junction flown through by
the supercurrent. However, if the resistive shunt due to
its wiring contains a non-negligible inductance, the well-
known RCSJ model fails to describe the current-voltage
characteristics of the junction. Such an inductance has to
be accounted, e.g. in the case of the SQUID [4] where a
single Josephson junction is closed with a superconducting
loop.

Moreover, it has been shown that measurements of
the current-voltage characteristics of a Josephson junc-
tion not being closed by a superconducting loop are well
represented by numerical simulations of the RCSJ model
only below a certain temperature [5]. For higher temper-
atures, anomalies in the characteristics have been found,
that can be ascribed to the finite inductance in the shunt.
Consequently, in order to remedy this lack, a resistive-
capacitive-inductive junction (RCLSJ) model has been
suggested to describe these junctions [5,6]. Consideration
of this model leads to a better agreement of the numerical
simulations with the experimentally obtained data. Only
for large values of the shunt resistance one can expect al-
most RCSJ-like current-voltage curves no matter which
value of the inductance is present.

The dependence of the dynamics on the strength of the
inductance has been considered [6,7]. It has been found

a e-mail: eireen@stat.physik.uni-potsdam.de

that chaotic solutions can be expected at low values of the
inductance, whereas for intermediate values long chaotic
transients precede periodic oscillations. For high induc-
tance values the dynamics has been found to be dominated
by relaxation oscillations [5]. Such type of oscillations can
also be observed in the resistive single junction interfer-
ometer (SQUID) [4].

Numerical simulations of the RCLSJ model have been
used to reproduce the qualitative features of the current-
voltage characteristics [7,8]. Based on this, a method has
been suggested to determine the device parameters such
as the capacitance and the inductance of the junction. In-
deed, measurements of the instantaneous voltage across
the junction are impossible since the characteristic time
scale is in the order of picoseconds. Only the measure-
ments of the dc voltage in dependence on the varied net
current are possible and can be compared with numeri-
cally obtained current-voltage characteristics. In this way
one can show that anomalies in the current-voltage curves
are caused by particular relaxation oscillations and com-
plex voltage waveforms [8]. Furthermore, the inductively
shunted junction model forced by an external ac signal
has been considered in [9].

In this article we investigate the dynamics of the
RCLSJ model in the presence of small parameters which
allow us to separate slow and fast motions. In particu-
lar, the shunt resistance is assumed to be small. Then,
the type of the dynamics is described in dependence on
the parameters characterizing the capacitance and the
shunt inductance, respectively. We will demonstrate that
depending on these parameters one can observe differ-
ent types of slow-fast dynamics. Coexistence of slow and
fast motions is well known from self-sustained oscilla-
tors like the van der Pol oscillator and excitable sys-
tems like the Fitz Hugh-Nagumo model. Moreover, models
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Fig. 1. The schematic representation of the RCLSJ model. The
Josephson junction is represented by the supercurrent chan-
nel Ic sin ϕ, the normal resistance R, and the junction capaci-
tance C. The inductive shunt consists of a resistor RS in series
with an inductance L.

describing activator-inhibitor systems in biological issues
like the spiking-bursting neuronal activity [10,11] show
slow-fast dynamics. In these models, at certain param-
eter values a limit cycle can be observed consisting of
two pieces of slow motion connected with fast jumps. We
will demonstrate that the motions in the RCLSJ model
are more complex because the fast manifold can be two-
dimensional.

We do not consider the most general formulation of
the problem, instead concentrating on the aspects of the
dynamics. In particular we assume that the magnetic field
is absent, and that the resistance is linear; see [5–9] for
more general formulation.

The paper is organized as follows: In the following Sec-
tion 2 we introduce the model and derive the equation of
motion. The choice of parameters is discussed with respect
to the possibility to observe slow-fast dynamics. Then,
in Section 3 the dynamics is analysed for three types of
damping. The current-voltage characteristics is discussed,
and is analysed in its relation to the dynamics. Finally,
the results are summarized in Section 4.

2 Model

2.1 Basic equations

The system under consideration, the RCLSJ model of
a Josephson junction, is sketched in Figure 1. The in-
ner circuit represents the simple RCSJ model; here the
ideal Josephson junction is flown through by the supercur-
rent IC sin(ϕ) without any resistance. Since in real appli-
cations a voltage appears across the junction which can be
time dependent, the ideal junction is shunted parallely by
a resistor R and a capacitor C. Although dynamics of real
junctions can be reproduced in many cases by this simple
model, some additional special features of experimentally
observed current-voltage curves appear if the shunt of the
junction contains a non-negligible inductive component.
To make the electronic circuit model more realistic, the

outer shunt is accounted containing the shunt resistance
RS in series with the shunt inductance L. So this model,
in fact, represents an upgrade of the usual RCSJ model.

The dynamics is described by the following equa-
tions [8]:

I = C
dV

dt
+

V

R
+ Ic sin ϕ + IS ,

V =
�

2e

dϕ

dt
= L

dIS

dt
+ ISRS . (1)

Here, I is the net current flowing through the junc-
tion and ϕ is the phase difference between the complex
wave functions of the Cooper pairs in two pieces of su-
perconductor constituting the junction, called Josephson
phase. The shunt current IS passes the shunt resistance
RS and the shunt inductance L that models the wiring
of the resistor. The voltage V across the junction is de-
termined by the second equation of equation (1) and is
related to the time derivative of the Josephson phase ϕ̇ by
the well-known phase-voltage relation. Thus, the expres-
sions containing voltage V can be rewritten in terms of
the Josephson phase ϕ. Then, for reasons of convenience
of analytical and numerical investigation let us transform
equation (1) to a dimensionless form:

βγ2 d2ϕ

dτ2 + γ
dϕ

dτ
+ sin ϕ = J − iS,

dϕ

dτ
= α

diS
dτ

+ iS . (2)

Here we normalized time τ = ωSt with ωS =
2eICRS/� as well as currents IS and I with respect to
the maximum amplitude of the supercurrent Ic: J = I/Ic,
iS = IS/Ic. Actually, the normalized net current J can
be time-dependent but we concentrate in the following on
a simpler case and restrict ourselves on a constant value
of J from now on. In equation (2) three parameters α, β,
and γ have been introduced, they are defined as follows.

Parameter

α =
2eIcL

�
(3)

represents a dimensionless inductance, because �

2eIc
can be

regarded as an intrinsic inductance L0 of the Josephson
junction. Parameter

β =
2eIcR

2C

�
(4)

is the Stewart-McCumber parameter of the circuit without
the outer shunt. It is in fact a reduced capacitance and
measures the damping of the system (β → 0 corresponds
to high damping). The third parameter γ designates the
ratio of the shunt resistance to the intrinsic one

γ = RS/R. (5)

As mentioned in the introduction (Sect. 1), system (2) has
already been considered in references [5–9]. However, there
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the damping parameter has been defined in a different
way:

βS =
2eICR2

SC

�
, (6)

containing the shunt resistance RS . In terms of βS = βγ2,
the system modeling the dynamics of the Josephson junc-
tion reads

βSϕ̈ + γϕ̇ + sinϕ = J − iS ,

ϕ̇ = αdiS
dτ

+ iS .
(7)

A disadvantage of equation (7) is that the shunt resis-
tance RS is now contained in two different dimensionless
parameters, namely in βS and γ. Thus, from experimental
point of view, a change of the shunt resistance RS leads to
some shift in the parameter plane (βS , γ), i.e. to a change
of both parameters βS and γ. According to our defini-
tion (4), a change of RS results in the variation of only
one parameter γ, if we assume the intrinsic resistance R
to be a constant. For a possible experimental check of the
results concerning the dynamics and current-voltage char-
acteristics, the dimensionless parameters α, β, and γ can
be transformed easily to corresponding values of the shunt
inductance L, the capacitance C, and shunt resistance RS

of the experimental setup and vice versa.
It is appropriate to write the system in terms of β

(Eq. (2)) not only from the experimental point of view,
but also with respect to the analysis of slow-fast dynam-
ics of the system. For our way of defining the dimensionless
parameters, it is obvious that γ should serve as the small
parameter of the system. In contrast, system (7) is unsuit-
able for investigating slow-fast dynamics because it is not
clear how to chose a small parameter.

Before analyzing system (2) with a restriction of pa-
rameter γ being small, let us consider a limiting case where
the inductance L of the shunt is negligibly small. Then, the
dynamical equations should reduce to these of the RCSJ
model. According to equation (3), a negligibly small induc-
tance L corresponds to the limit α → 0. From the second
equation of equation (2) we obtain in this case ϕ̇ = iS, thus
the dynamics is described by a single differential equation
of second order,

βγ2ϕ̈ + (γ + 1)ϕ̇ + sin ϕ = J. (8)

After backscaling time by t = τ/ωS , we obtain the differ-
ential equation

�C

2eIc
ϕ̈ +

�

2eIc

(
1

RS
+

1
R

)
ϕ̇ + sin ϕ = J, (9)

corresponding to the RCSJ model not accounting for the
external inductivity of the junction. It describes the dy-
namics of an ideal Josephson junction shunted by a ca-
pacitor C and two resistors, RS and R.

2.2 Transformation of the basic equations

The analysis of equation (2) is not obvious because it is
not a system of ordinary differential equations (ODEs)

in a standard form. There are many ways to write it as
a system of ODEs but the most appropriate one for the
analysis below is to introduce a supplementary variable

u = J − iS + 1 + γ
α ϕ+ βγ2

α ϕ̇. This kind of transformation
ensures that slow and fast manifolds are perpendicular to
each other as is demonstrated below. Moreover, parame-
ters β and γ occur only in the first equation of the two
ODEs:

βγ2ϕ̈ + γ
(
1 + βγ

α

)
ϕ̇ + 1 + γ

α ϕ + sin ϕ = u,

u̇ = 1
α (J − sinϕ).

(10)

Equation (10) can be transformed into a system of
three ODEs of first order that can be integrated using
standard algorithms. It describes the time evolution of
the Josephson phase ϕ and its first derivative ϕ̇ as well as
the dynamics of the just introduced new variable u.

In addition to the external normalized net current J ,
the dynamics is characterized by the three parame-
ters α, β, and γ. It is convenient to consider parameter γ
as the small parameter being contained in the terms in-
cluding first and second derivatives of variable ϕ in equa-
tion (10) in corresponding power. Thus, the characteristic
time scale the variable ϕ evolves on, is of the order γ
whereas variations in variable u are characterized by a
time scale of the order α. Therefore, the Josephson phase ϕ
can be identified as the fast variable and u as the slow
one, provided γ � α The variable ϕ is the more rapid
the smaller the value of γ is. In the limit γ → 0 the fast
motion in ϕ becomes instantaneous, and we arrive at the
simplified model

u = 1
αϕ + sin ϕ,

u̇ = 1
α (J − sin ϕ),

(11)

characterizing only the slow motion. Equation (11) con-
sists of an algebraic equation describing the shape of the
slow manifold u = u(ϕ) and a differential equation for the
time evolution on this slow manifold.

The shape of the slow manifold u is determined by
parameter α. For α < 1 the function u = u(ϕ) is bijective,
i.e. ϕ is a function of u, too. An example for this case
is presented in Figure 2a. The situation changes at α =
1, then ϕ is multivalued at values uk = π + 2kπ, these
points are the inflection points of the function u(ϕ). For
α > 1, the slow manifold u(ϕ) becomes folded. This is
an interesting and nontrivial case, where one can expect
slow-fast dynamics to occur. A trajectory follows the slow
manifold u up to its local maximum and then a fast jump
of the variable ϕ along the fast manifold to another branch
of the slow manifold is expected to occur .

For α > α1 ≈ 4.61, ϕ is multivalued at any value of u
(Fig. 2b). As we will see below, this is important for cer-
tain phenomena to be observed in the slow-fast dynamics.
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Fig. 2. Shape of the slow manifold u = u(ϕ) in dependence on
the value of the reduced inductance parameter α of the Joseph-
son junction. For a) α = 0.5 < 1 the function u is bijective,
and for b) α = 10 > 1 the function u(ϕ) is folded.

3 Dynamics and current-voltage
characteristics

Before discussing the different features of slow-fast motion
let us describe a range of parameters we are going to con-
sider in this section. As already mentioned, parameter γ is
assumed to be small, i.e. γ � 1. With regard to parameter
α, we consider the interesting case α > α1 ≈ 4.61, where
the motion on slow and fast time scales can be observed.

The Stewart-McCumber parameter β determines the
strength of damping. We will discuss three types of damp-
ing in detail, namely the high damping limit (β � 1), in-
termediate damping (β > 1), and the low damping limit
(β � 1). The current-voltage characteristics reflecting the
dependence of the dynamics on the normalized net current
J is analysed for these three types of damping, and the
dynamical features are discussed.

3.1 High damping limit

In the high damping limit β → 0, equation (10) reduces
to a set of two first-order differential equations:

γϕ̇ = u − 1 + γ
α ϕ − sin ϕ,

u̇ = 1
α (J − sin ϕ) .

(12)
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Fig. 3. Types of dynamics in the high damping limit. For a)
α = 0.9 < 1 the trajectory follows the slow manifold, whereas
for b) α = 10 > 1 slow-fast dynamics can be observed.

Thus, the system of the overdamped Josephson junc-
tion (Eq. (12)) is of the same type as typical systems
demonstrating slow-fast dynamics (e.g. the FitzHugh-
Nagumo model) since it is characterized by the small pa-
rameter at the first derivative of one variable out of two.

Let us consider the solution of (12) for two values of α,
α = 0.9 and α = 10, respectively. The structure of the slow
manifold for these values of α differs as pointed out in the
previous section. Therefore, the phase portraits (u, ϕ) pre-
sented in Figures 3a, b show different types of dynamics.
In the case α < 1 the trajectory follows the slow manifold
(Fig. 3a), the motion on u = u(ϕ) is uniform. For α > 1
(Fig. 3b), due to the folded structure of the slow manifold,
the slow-fast dynamics is observed. In this case the mo-
tion takes place on two different well separated time scales.
Slow motion along stable branches of the slow manifold u
alternates periodically with fast jumps in ϕ. Note that the
fast motion is one-dimensional and tangential to the direc-
tion of slow motion at local maxima of function u = u(ϕ).
For large α, the jump length in the fast variable ϕ is ap-
proximately 2π whereas ϕ changes only slightly during
motion on the slow manifold.

In order to estimate the current-voltage characteris-
tics, the mean voltage 〈ϕ̇〉 has to be computed in depen-
dence on the net current J . Figure 4 shows the current-
voltage curves for two different values of α, α = 2 and
α = 10, respectively. No matter which value of α is ac-
cepted, for J < 1 the mean voltage across the junction
is zero (〈ϕ̇〉 = 0). Thus, a supercurrent flows through
the junction without any resistance. Dynamically it means
that the Josephson phase ϕ approaches a fixed point. The
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Fig. 4. The current-voltage characteristics in the high damp-
ing limit for α = 2 and α = 10. For J < 1 the mean voltage
across the junction is zero, for J > 1 the junction is in the
resistive state, where the resistance depends on α. The dashed
vertical line marks the value J = 1.5 for which the time depen-
dence of ϕ is presented in Figures 5a, b. For several values of
J , the semi-analytically estimated values of the mean voltage
are marked by diamonds for α = 2 and α = 10.

fixed point coordinates (ϕ̄, ū) are given by ϕ̄ = arcsinJ

and ū = 1 + γ
α ϕ̄ + J . In contrast, for J > 1, the junction

is in the resistive state, i.e. a nonzero mean voltage 〈ϕ̇〉
appears across the junction. Thus, the characteristics con-
sists of two branches, the supercurrent branch and the re-
sistive one. For two values of α, α = 2 and α = 10, the
time dependence of the Josephson phase ϕ is presented in
Figures 5a, b at the same value of the net current J = 1.5.
Both dependences reflect the periodic repetition of the fast
jumps in ϕ by approximately 2π, but the mean slope and,
thus, the mean voltage across the junction differ. At the
same value of J one observes that for large α, the mean
voltage 〈ϕ̇〉 is small. The mean voltage can be computed
as well semi-analytically as is shown below. First, our goal
is to estimate the duration of the slow motion. To this
end, we assume that the fast jumps are instantaneous, i.e.
γ = 0. Then, equation (12) reduces to equation (11), and
the expression for the slow manifold (first equation of (11))
is differentiated with respect to time, and u̇ is substituted
to obtain

ϕ̇ =
J − sinϕ

1 + α cosϕ
· (13)

Integration of this equation yields

T =
∫ ϕ2

ϕ1

(1 + α cosϕ)dϕ
J − sin ϕ

= −
2atan

(
sec(ϕ/2)(cos(ϕ/2) − J sin(ϕ/2))√

J2 − 1

)

√
J2 − 1

∣∣∣∣∣∣∣∣∣∣

ϕ2

ϕ1− α ln(J − sin ϕ)|ϕ2
ϕ1

.

(14)
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Fig. 5. Time dependence of the Josephson phase ϕ at γ = 0.01,
J = 1.5, and a) α = 2, and b) α = 10. The mean slope and
thus the mean voltage across the junction depends on α.

To estimate the period T we have to find the limits of
integration ϕ1 and ϕ2 being the limits of the phase interval
within which the slow motion takes place. For explanation
of the estimation of this interval see Figures 6a, b where
the trajectory in the phase space (ϕ, u) is sketched for
α = 2 and α = 10, respectively.

The periods of slow motion end at those values of ϕ for
which the function u(ϕ) = ϕ/α+sin(ϕ) has local maxima.
Just at these values ϕ2n = 2πn + arccos(−1/α) the fast
jumps in ϕ start. In Figures 6a, b the first two fast jumps
are presented, starting at ϕc = ϕ0 = arccos(−1/α) and
ϕ2 = 2π + arccos(−1/α), respectively. The first fast jump
starting from (ϕc, uc = u(ϕc)) ends at (ϕ1, uc) on the
next branch of the slow manifold. Thus, the subsequent
period of slow motion along u(ϕ) is limited by (ϕ1, uc)
and (ϕ2, u(ϕ2)). The still needed estimation of ϕ1 leads
to a transcendent equation, uc = ϕ/α+sin(ϕ) which can-
not be solved analytically. However, we can find its root
numerically.

Now, having the values ϕ1 and ϕ2 for α = 2 and
α = 10, the duration T of slow motion can be computed
according (14) for each α. This has been done for several
values of the net current J ∈ (1, 2] for both values of α.

Then, the mean voltage can be estimated by

〈ϕ̇〉 =
2π

T
(15)
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Fig. 6. Visualization of slow and fast motion in the phase space
(ϕ, u). For a) α = 2 the phase interval (ϕ1, ϕ2) of slow motion
is larger than for b) α = 10. The fast jump in the Josephson
phase ϕ can be approximated by 2π the better the larger α is.

because the period in ϕ is equal to 2π. Using the data
of period T computed for both values of α, the corre-
sponding values of the voltage 〈ϕ̇〉 have been estimated
according to expression (15) and marked in Figure 4 by
diamonds. The semi-analytically estimated values of the
mean voltage confirm those obtained by integrating sys-
tem (12). Note, that the deviation from the purely nu-
merically obtained resistive branch of the characteristics
becomes larger for increased J . The assumption that the
fast jump happens instantaneously is more reliable the
larger α is. Therefore, the deviation is smaller for α = 10
than for α = 2.

3.2 Intermediate damping

For intermediate damping (β � 1) the dynamics of the
Josephson junction is described by equation (10). Again,
one can expect to observe slow-fast dynamics since pa-
rameter γ is assumed to be small. However, the jump in
the fast variable ϕ depends now on the damping param-
eter β. We do not only observe jumps by approximately
2π (Fig. 7a), but also by multiples of 2π (Figs. 7b, c) at
α = 10.

Let us have a closer look onto the structure of the
slow manifold (Fig. 8). It consists of stable and unstable
branches. The trajectory follows the slow manifold along
the stable branch up to its first local maximum, denoted
by uc. Then the first fast jump would occur in the di-
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Fig. 7. Different jump length in the Josephson phase in depen-
dence on the strength of damping. One observes at a) β = 2
jumps by ≈ 2π, b) β = 40 jumps by ≈ 4π and c) β = 130
jumps by ≈ 6π. The other parameters are α = 10, γ = 10−4

and J = 1.5.

rection marked by the arrow which crosses three stable
branches. Depending on the value of β, the jump length
can be approximately 2π, 4π or 6π corresponding to the
first, second and third crossing of stable branches, respec-
tively. It is obvious that for large values of α, the slow
manifold is stronger folded and more crossings can occur.
Hence, jumps by higher multiples of 2π can be expected to
happen. On the other hand, for α < α1 ≈ 4.61, when the
slow manifold is not folded strong enough and the arrow
would not cross any stable branch, we could observe only
jumps by 2π in ϕ as in the high damping limit. In that
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Fig. 8. Structure of the slow manifold. Stable branches are
presented by solid lines, unstable branches by dashed lines.
The arrow shows the direction of an instantaneous jump whose
length depends on the value of damping parameter β.
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Fig. 9. Schematic representation of the unstable trajectory
of the semi-stable point Pc = (uc, ϕc, ϕ̇ = 0) (solid line) for
two different values of β. This trajectory can go to one or
another stable fixed point depending on its position relative to
the stable manifold of the saddle point S1 (dashed line). As a
result, fast motion can lead to a jump of ϕ by ≈ 2π or ≈ 4π.

case, the jump dynamics would be qualitatively indepen-
dent of the value of damping parameter β.

Provided that the slow manifold is folded strong
enough to make slow-fast dynamics possible, what type
of mechanism is responsible for the jump length? In or-
der to answer this question we consider the fast motion of
the first jump taking place in the subspace (u = uc, ϕ, ϕ̇)
in more detail. A schematic representation of the topol-
ogy around the point Pc = (uc, ϕc, ϕ̇ = 0) from where
the first fast jump starts is presented in Figure 9. At Pc

a saddle-node bifurcation occurs, i.e. stable and unsta-
ble fixed points collide there, and then both disappear
(typically a stable point is a focus, but in the vicinity of
bifurcation point it becomes a node).

In the intersection plane (uc, ϕ, ϕ̇), the point Pc is a
semi-stable point, characterized by only one unstable tra-
jectory. As observed, the different jump length depends on
the value of β. In Figure 9 two different trajectories (at
two different values of β) starting from Pc and seperatrices
(dashed curves) of the saddle point S1 are sketched. This

saddle point S1 is just the intersection point of the plane
(uc, ϕ, ϕ̇) with the first unstable branch next to Pc (see
Fig. 8). Obviously, the jump length depends on whether
the unstable trajectory is above or below the stable man-
ifold of saddle point S1. For small β it is below, and the
jump length is approximately 2π. For larger β, the tra-
jectory moves above the stable manifold of S1, thus the
jump length changes and becomes larger than 2π. The
same mechanism just described underlies the behavior of
trajectories near the second saddle point S2 even though
it is omitted in Figure 9 for clarity of representation.

To prove these theoretical considerations, let us de-
couple the fast jump dynamics from the slow motion by
observing the system (10) only on the fast time scale. The
corresponding transformation to the time scale t = γτ
and subsequent consideration of the dynamics in the limit
γ → 0 cause that only variations of the fast variable ϕ are
visible while the slow variable u is quasiconstant. Thus,
the time evolution of the fast variable ϕ is given by

βϕ̈ + ϕ̇ +
1
α

ϕ + sin ϕ = uc, (16)

where uc is just the value on the slow manifold from where
the first fast jump occurs. The dynamics now starts at cor-
responding value ϕc with velocity ϕ̇ = 0 (it is the initial
voltage across the junction). Hence, the first fast jump
starting from Pc can be simulated numerically. The cross-
ing points of the plane (uc, ϕ, ϕ̇) (presented by the ar-
row in Fig. 8) with stable and unstable branches of the
slow manifold mark positions of foci and saddles in the
(ϕ, ϕ̇) phase plane. By forward and backward integration
of equation (16) in time, for saddle locations S1, S2 as
initial values of ϕ and initial zero voltage ϕ̇ = 0, the sta-
ble and unstable manifolds of the saddles S1 and S2 in
the (ϕ, ϕ̇) plane have been computed (see Fig. 10). Thus,
we find different connections between the foci and sad-
dles. Then, simulating the dynamics with the initial values
(ϕc, ϕ̇ = 0), the trajectory representing the jump dynam-
ics has been generated. So, one obtains the phase portraits
of the fast motion in the (ϕ, ϕ̇) phase plane in dependence
on the damping parameter β (Figs. 10a–d). We observe
that the fast dynamics is two-dimensional in contrast to
that in the high damping limit. Moreover, due to the vari-
ation of β, the topology of the connections between foci
and saddles changes; the stable and unstable manifolds
wind around the saddles and foci and come nearer to each
other as β is increased, i.e. for lowering the dissipation
(compare Figs. 10a–d). This topology in fact causes the
different jump lengths (∆ϕ ≈ 2π, 4π, 6π).

For the just considered limiting case γ = 0, the jump
dynamics is well defined. The regions of phase jumps of dif-
ferent length in the (β, J) parameter plane are estimated
in dependence on β, and presented in Figure 11a. The bor-
ders between different regions do not depend on the net
current J because the whole dynamics is independent of
J (see Eq. (16)). They are parallel to the J-axes.

This situation changes if we do not restrict our obser-
vation onto the fast dynamics but account for the influ-
ence of the slowly varying variable u (γ 	= 0) on the fast
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Fig. 10. The phase portraits in the (ϕ, ϕ̇) phase plane in de-
pendence on the damping parameter β, the observed jump
length at a) β = 2 is ∆ϕ ≈ 2π, at b) β = 40 is ∆ϕ ≈ 4π, at c)
β = 130 is ∆ϕ ≈ 6π and at d) β = 150 is ∆ϕ ≈ 4π. The stable
manifolds (thick lines) and unstable manifolds (thin lines) rep-
resent the different connections between the saddles and foci.
The trajectory representing the jump dynamics is shown by
dashed thick line.
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Fig. 11. Regions of phase jumps by multiples of 2π in the
(β, J) parameter plane for a) γ = 0, b) γ = 10−4, and c) γ =
10−2.

motion. Since stable and unstable manifolds of saddles S1

and S2 are close to each other for large β (Figs. 10b–d),
one can guess that the jump dynamics may depend sen-
sitively on a nonzero small parameter γ . Moreover, for
γ > 0 the regions of different jump length are expected
to depend on J because J influences the slow variable u
(see Eq. (10)). Yet, for γ = 10−4, we still get a similar
picture (Fig. 11b) in the (β, J) parameter plane although
the lines separating different regions depend now on J
as expected. The sensitivity of the dynamics with respect
to the velocity of the slow motion (determined by γ) be-
comes more visible in Figure 11c for larger γ = 10−2. A
strong dependence of the shape and location of the borders
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Fig. 12. Illustration of the sensitivity of the dynamics with
respect to the velocity of the slow motion defined by parame-
ter γ. For α = 10, β = 70 and J = 1.05 one can find jumps a)
by ≈ 4π at γ = 10−4 and b) by ≈ 6π at γ = 10−2. (The slow
manifold is presented by a dashed line.)

between different regions on J can be observed. Moreover,
the region “complex cycles” in the right hand part of the
plot contains such parameter points for which jumps of
different lengths have been found to alternate.

We illustrate the different jump behavior in depen-
dence on γ in Figure 12. For γ = 10−4 we have found
fast jumps by approximately 4π (Fig. 12a) whereas for
γ = 10−2 the jump length is about 6π (Fig. 12b). The
other parameters are kept constant (β = 70, J = 1.05),
and denote a parameter point that for γ = 10−4 and
γ = 10−2 lies in different regions of phase jumps (see
Figs. 11b, c). Thus, for γ > 0, one can hardly predict
the transitions between different regions of phase jumps.

The current-voltage characteristics at intermediate
values of damping parameter β show a feature caused just
by sensitivity of the dynamics with respect to parame-
ter γ. For certain values of β we observe sudden jumps in
the current-voltage curves (see Figs. 13a, b). This is due
to the J-dependence of jump regions of different length.
If, by variation of J , one crosses a curve separating re-
gions of different jump lengths in the (β, J) parameter
plane (Figs. 11b, c), the jump length changes by approxi-
mately 2π and a sudden jump in the mean voltage occurs,
correspondingly.
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Fig. 13. The current-voltage characteristics for α = 10 and a)
γ = 10−4, b) γ = 10−2. At certain values of damping parameter
β one observes sudden jumps in the mean voltage 〈ϕ̇〉.

3.3 Low damping limit

In the low damping limit (β � 1) one can actually find the
same features as for intermediate values of the damping
parameter, like jumps of multiples of 2π, and also com-
plex cycles. For β � 2000 an additional feature in the
current-voltage characteristics, namely hysteresis, can be
observed [8]. In Figures 14a, b the current-voltage curves
are presented for β = 4000 and β = 5000, respectively.
For β = 5000 (Fig. 14b) the hysteresis is more pronounced
than for the smaller value β = 4000 (Fig. 14a). Hystere-
sis can be observed if there exists bistability. Here, either
the trajectory approaches a fixed point solution or a limit
cycle in dependence on the initial condition.

Another feature, typical for large values of β, is the ap-
pearance of complex cycles. The reason is that the motion
does not evolve on well separated time scales anymore.
This can be explained as follows: If we only consider the
jump dynamics without evolution of the slow variable u,
then already for intermediate values of β, the oscillations
rather slowly relax to the fixed point solution, as can be
observed from Figures 10b–d. The time needed for the
trajectory to become finally attracted to the fixed point
increases with β. So, in the low damping limit, the relax-
ation time is non-negligible anymore and presents another
time scale. It may happen that for large β these relaxation
oscillations are not yet finished when the next fast jump
in ϕ occurs. As a result, the time scales of slow and fast
motion are not strictly separated anymore. This fact is a
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Fig. 14. The current-voltage characteristics in the low damp-
ing limit at α = 10, γ = 0.01 and a) β = 4000 and b) β = 5000.
The hysteresis is more pronounced for larger value of β.

reason for the appearance of complex cycles, and even of
chaos in the autonomous Josephson junction. Figure 15a
shows the current-voltage curve for β = 2000. Note that
the hysteresis is not as much pronounced as for β = 4000
and β = 5000 (Fig. 14a, b). The maximum Lyapunov ex-
ponent has been computed in dependence on J in the same
current interval, and its plot is presented in Figure 15b. In
the current interval where the Josephson phase converges
to a fixed point, the maximum Lyapunov exponent is less
than zero. At J = 1 the dynamical behavior changes due
to a bifurcation giving rise to a limit cycle characterized by
zero maximum Lyapunov exponent. However, for certain
values of J the maximum Lyapunov exponent becomes
positive, thus chaotic behavior occurs there. Examples for
nontrivial dynamical behavior are presented in Figure 16.

4 Conclusion

We have considered a Josephson junction model account-
ing a nonzero shunt inductance in series with the shunt
resistance. This RCLSJ model is nearer to physical reality
than the simpler RCSJ model. If the ratio of shunt resis-
tance and intrinsic one serves as a small parameter, the
Josephson junction model can be regarded as a nontrivial
example for slow-fast dynamics. The strength of folding
of the slow manifold depends on the inductance of the
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-0.01
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Fig. 15. a) The current-voltage characteristics in the low
damping limit at α = 10, γ = 0.01 and β = 2000. b) The
maximum Lyapunov exponent in dependence on the net cur-
rent J . The arrows mark the values of J for which the phase
portraits are presented in Figure 16.

Fig. 16. Representative curves of nontrivial dynamical be-
havior for α = 10, γ = 0.01 and β = 2000 and values of J
sketched in Figure 15b. One finds at I) J = 1.01 a limit cycle,
II) J = 1.03 chaotic behavior, and III) J = 1.09 a limit cycle.
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shunt. If the shunt inductance is larger than the intrin-
sic one, then the slow manifold is folded and has many
branches instead of the usual two as for instance in the
van der Pol oscillator and the FitzHugh-Nagumo model.
We have analysed the dynamics for high, intermediate and
low damping, as well as the current-voltage characteristics
for all three types of damping. For each type of damping
the characteristics contains a supercurrent branch (for a
net current smaller than a critical value) and a resistive
one.

In the high damping limit, one obtains a system of
two first-order differential equations with a small parame-
ter. Here the fast motion is characterized by jumps in the
Josephson phase by approximately 2π. For intermediate
and low damping, even jumps by higher multiples can oc-
cur. Then, the fast motion is two-dimensional and there
are different connections between saddles and foci. Due
to the topology of these trajectories, which come closer
to each other as the dissipation is lowered, the dynamics
is sensitive to the velocity of the slow motion. The main
manifestation of this sensitivity is the presence of vertical
jumps in the current-voltage characteristics (Fig. 13).

For small dissipation, complex cycles have been
observed, characterized by alternating jumps of different
length. In the low damping limit, one can even observe
chaos in the autonomous Josephson junction. The rea-
son for the appearance of complex cycles and chaos is
that a separation of time scales is not valid any more.
Due to the possibility to transform the dimensionless

parameters to corresponding values characterizing the
Josephson junction, it is possible to check for the appear-
ance of the reported phenomena in experiments.

We thank S. Kuznetsov, A. Shilnikov, and A. Ustinov for valu-
able discussions.
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