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Abstract. We calculate the impedance of a granular superconductor for different
levels of microwave tield using & macroscopic nonlinear model. In this model
Josephson junctions between grains are responsible for high-frequency current
and field characteristics The change in surface impedance at the frequency of
weak amplitude wave, when perturbed by a strong amplitude wave of different
fraguency, is also calcutated. Application of the obtained nonlinear properties to

experimental data is discussed.

1. introduction

It is now generally accepted that a granular supercon-
ductor should be considered as a Josephson medium,
where superconducting grains are coupled by weak junc-
tions. Josephson media were considered theoretically
before the discovery of HTSC [1]. This approach was
later applied to describing different properties of HTsSC:
critical state {2}, linear microwave response [3], nonlin-
car response near T. [4]. In a number of papers the
Josephson medium is described in terms of circuit the-
ory, using notions of specific resistance and inductance
[5-%). This approach enables one to describe many
features of the microwave properties of HTSC.

In this paper we calculate the microwave surface
impedance of the Josephson medium over a wide range
of amplitudes of a high-frequency field using a variant
of macroscopic equations from reference [10].

2. Basic equations

First, we outline the derivation of the macroscopic
equations following [10]). Consider a three-dimensional
medium consisting of superconducting grains with
Josephson junctions between them.
The current through the kth junction, which has
resistance R, may be written as [11]
Sy p, 30

i = IkSiIld)k'Fm oy

(1)
+ Permanent address: Institute of Solid State Physics,
Chernogolovka, Moscow District, Russia.

i Alexander von Humboldt Fellow, on leave of absence from
Institute of Applied Physics, Russian Academy of Sciences,
Nizhny Novgorod, Russia.

§ Permanent address: Los Alamos National Laboratory, Los
Alamos, USA.

0953-2048/92/110673+05%07.50 (© 1992 IOP Publishing Lid

where ¢; is the phase difference at the junction, I
is the critical current, &y = whe/e is the quantum
of magnetic fiux. In reference [10] it was argued that
the phase difference ¢, may be expressed through a
macroscopic vector potential 4 in the following way

2
o = —%Aak 4 2rmy (2)

where my is an integer and a; is a vector between
centres of adjacent grains. Equation (3) is consistent
with the quantization of magnetic flux

é—: Ads+§;¢k=2nm (3)

where the closed contour passes through Josephson
junctions [12]). In writing equation (3) we have cho-
sen some calibration of the vector potential.

Consider a volume V containing many junctions,
but small enough to consider the vector potential A as
a constant. Average current density in this volume is

N .
J' — _Z_.L‘ﬁ = p(ikak) (4)

where p is the concentration of Josephson junctions.
Assume that a;, [, R are independent random vari-

ahlac with
LI VYILEL

(Ik> = Ij (Rk) = R.

Also, we assume that all directions of a; are equally
probable and its modulus is distributed with probability
distribution function W{a). After averaging we cbtain

dd wajp
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Here ay = (ak) and

G(A?) =

4nZ A3 J, 2rA

In particular, in reference [10] the Maxwell distribution

I e, e |

l.ull\.llUﬂ was uséa

32 4¢:t2
W(a) = p a exp —
(10 ‘ﬂ'ﬂu

which gives

2.2 3.2
G(A?) = fq);?’exp ( - ’;;2“ Az). (6)
[

In the stationary case, current density is limited by the
value I;papy/(w/16e). In the next section we will use

this particular form of nonlinear current—field character-
istic. Some generalizations will be discussed in section
4.

Substituting expressions (5) and (6) in the Maxwell
equation (we neglect displacement current here)

4
curlcurl4 = %j

(where the magnetic permeability accounts for Meissner
currents of individual grains) we obtain

1 T d4
curlcurld = ——,\—iAF(Az) S vEr (7

i ]

where

2y-2 -
F(A%) = exp(- A’A] B} ).
Here the quantities
A= j_“__ and B? = M
7 Iipmiual / c

have the physical meaning of penetration depths of a
weak static magnetic field in the granular medium and
the first critical current respectively [10]. The charac-
teristic time scale

_ )\Jz-frzagp,u
" 2R

will be assumed to be much less than the period of the
microwave field.

3. Nonilnear surface Impedance

In many experiments on microwave losses in a granular

superconductor, a sample (ceramic or film) is part of
'f 1c nnt difficnlt 0 ﬁnd ﬂ'\P
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amplitude of the microwave field on the surface of the
sample if input power and total losses in the cavity are
known. Thus, we can study the problem assuming that

a/an
Lo e 18]

2 =)
! ] w( oz Yz ~Y(sin z—z cos z ) dz.

the magnetic ficld at the surface of the superconductor
is given.

Consider a halfspace x > 0 filled with the granular
superconductor. We assume that all fields depend on
the coordinate x only, magnetic field is directed along y
and the vector potential A has only z component A(:c)

Thn neahlam ic in onheno annatinnn P | antele
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boundary conditions

dA

e = — Hycoswt
d.’l',' =0

Al.r--uog = 0. (8)
Consider first the linear case Hy € B;. We can set
F(A?) = 1in (7) and with the usual substitution

A = Y Apexp(ikz — iwt) + c.c.) (9)
obtain
k(w) = (A7 —iwr A7 )Y & AT (i 4 1/2wT).
(10)
One can see from equation (10) that for the static field
(w = 0) A; 15 just the penetration iength. From the
solution of (9) and (10) the linecar surface impedance
¢ is easily expressed:

23, X
Clwy e SNT 0N (11)

2c c ’
In the nonlinear casé we have to solve nonlinear equa-
tion (7). We will assume field A to be nearly sinusoidal

and apply the harmonic balance method. Representing
the vactor mtentm! in the form

[$ 1L fw S pSALwri ity LS 1Ly L0 3

A(z,1) = 1(Ao(z)e™" + c.c.) (12)

and substituting this in equation {7), we get from the
main harmonic balance condition

d? Ay
) da?

leAu = A?'

-2p-2
Bj } (13)
where

f(z) = e (Iy(z[2) - L(=/2)).

Iy and I, are modified Bessel functions. Thus we
have reduced the partial differential equation () tw
the ordinary differential equation {13), which can be
casily solved numerically with the boundary condition
dAy(0)/dz = Hp. The surface impedance resulting

from this solution is given by

F"(ﬂ\ i{_;_]_/!n(@}
AN

C= ) = ey

and is presented in figure 1. One can see that the real
part of ¢, which is responsible for losses, is approxi-
mately a step function

Hy € B;
H0>>BJ'

Re C;(w)

4
Re (:[}(w) (1 )

Re¢( Ho) {
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Figure 1. Real (full curve) and imaginary (broken curve)
paits of the surface impedance versus amplitude of
microwave field Hp (in units of B;). From bottom to top:
Wr =UuUl1, uuo, U |,
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Figure 2. The total losses in the bulk of the
superconductor (arbitrary units) versus boundary field
amplitude Broken curve—harmonic balance method;
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full curve—soiution of the full Paitial differantial equauun

wr =0.1.

where 12
et i1

is the linear impedance in the absence of Josephson
currents (I = 0).

In order to check the validity of the harmonic bal-
ance method in our probiem, we compared the solu-
tion of (13) with that of the full equation (7) for one
pamcular frequency w (see figure 2) There is some
discrepancy in the data in the region of moderate ex-
ternal fields, where it is possible that higher harmonics
arc important. Nevertheless, for large fields equation
(13) gives a good approximation to solutions of (7), at
least for estimating losses.

In some experiments losses were measured, not for
the large amplitude microwave field, but for a small

Granutar superconductor in a strong microwave field
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Figure 3. The real (full curve) and imaginary parts of
the surface impedance for a small amplitude wave with
1r = 0.16 versus amplitude of microwave field with
wr = 0.1,

amplitude test field with frequency different from that
of a large amplitude field [13]. This case may be treated
in the same way as before, if, instead of (12), we take

Az, t) = M Ao(z)e™" + By(z)e"™ +c.c.)

where | By| < | Ag|. Again, using the harmonic balance
method, we obtain equation (13) for 4y. For By we
obtain

lQTBu— AJ dz 3

— Bug(1Ao*Aj? B (15)

where

g(z) = exp(~z/2)(Lo(2/2) + af1(2/2)).

The solutions of equation (15), presented in figure 3,
give surface impedance similar to figure 1.

Nonlinear dependence of real and magmary' paris of
the surface impedance of the superconductor on the am-
plitude of the microwave field implies nonlinear prop-
erties of the resonant cavity [14]. Because impedance
is small, shift of the resonant frequency is small and
in the first approximation we may write the equation
describing the amplitude—frequency dependence in the
form

3
—w *:—IImC(ICquw 2y

LR

+ iw—gRe C(|C|zw2w_2)]_ (16)
Tw 0 )

Here C is the amplitude of the field in the cavity, ex-
cited by the force, proportional to I; wy is the resonant
frequency of the ideal cavity (where all walls are ideal
conductors). We neglect here the losses due to non-
superconducting walls. The resonant curves C' against
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Figure 4. Nonlinear resonance curves according 10
equation (16); wr = 0.05.

w are presented in figure 4. These curves are skewed
in a complicated manner, due to complicated depen-
dence of Im ¢ on the field amplitude. The main effect
of nonlinearity is in the drastic increase of resonance
width because of a strong dependence of Re { on the
microwave field.

4. Application to experiment

There are many references where the surface impedance
of granular superconductors in a high-amplitude mi-
crowave field has been investigated experimentaily.
There are some on low-temperature superconductors,
in particular on the films of NbTiN [15], but many
more on high-temperature superconductors. Nonlinear
microwave response of YBaCuO samples has already
been mentioned in initial experiments. In references
[16, 17] dependence of impedance for ceramic samples
on the field amplitude was presented, while in some ref-
erences harmonics of the basic frequency were investi-
gated (see [18]). Most thoroughly investigated has been
the nonlinear dependence of the surface impedance on
the amplitude for films [19-24)]. In all these experiments
a cavity or a stripline resonator was used and their res-
onant frequency and quality factor were measured as
functions of external field. For higher sensitivity one
can use a two-frequency method with a sample being
placed in a bimodal cavity [13]. Using pulsed large
amplitude waves and continuous small amplitude waves
it is possible to measure how a large wave produces
small changes of the impedance at small-wave frequency
(cross-modulation).
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The recent results show that the granular structure
of superconductors plays a crucial role in the nonlinear
response. However, it is difficult to extract universal
properties for all samples. We can say that the nonlin-
ear dependences of impedance on the microwave field
with frequency 821 MHz, as given in reference [19],
for a large number of granular samples, are qualita-
tively similar to those presented in figure 1. In order to
obtain quantitative agreement as well, we must modify
equation (5), which is not valid for films. It is more
appropriate to use a model where all vectors g are in
the film’s plane and there are no Josephson currents in
the transverse direction, This model is described with
probability distribution function

W(a) = é(a:/A)w(r) (17)

where A is the characteristic width of the film and &
is Dirac’s function, r = (a2 + a2)V/2. After averaging
with distribution function (17) we obtain, instead of (6),
a hypergeometric function [25]

7r3a%A2

F(AY ~ -
(A%}~ 1F1(2,2 Ty,

).

Qualitatively, this function is similar to that of (6).

The width of the transitional region from low to
high fields depends mainly on the precise form of
the nonlinear current function F(A?). From figure 1
Hy/H, = 10 (H, and H, are amplitudes for which
one can use approximation (14) (see figure 1), while
in the experiments [19] this quantity is 10?-10°. Using
other distribution functions of the type (6) (in partic-
ular, F(A?) = (14 A?2X7?B;%)"1) this ratio may be
increased up to 30-40.

It is worth noting that epitaxial films show very small
nonlinearity, their real part of the surface impedance
remains almost constant up to amplitudes of 100 Oe
[20} and larger [22].

We also mention here that it is reasonable to com-
pare expetiments with the screened earth’s magnetic
fieild. This is important because although microwave
magnetic fields influence surface resistance much more
strongly than static ones, the latter may produce hyper-
vortices [26], whose pinning may drastically change the
cquilibrium properties.
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