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Discrete-Time Dynamic Noise Filtering *
A.S. PIKOVSKIY

A method for dynamic noise filtering is proposed. It is shown that
such a method can be used to convert a sample obtained in a noisy system
to a new sample with a lower effective noise.

x % %

Dynamic deterministics systems are widely used as models of physical obJects. 1Ipcreased
interest in such systems arose recently in connection with the discovery of external attractors
(1, 2). It turned out that deterministic models can be used to describe regular as well as
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irregular and quasi-random procésses. An important problem in this field is the construction
of a dynamic model directly from measured data. The solution of this problem has had some
success [3-5]. The basic difficulty, however, 1s the fact that physical objects are.not
strictly deterministic due to the presence of fluctuations (moise). This gives rise to two
problems: 1) the detection of noise — the detection of its presence in a physical system and
the estimation of its level, 2) the filtering of noise — extraction of the deterministic
part of the process. Methods of solving the first problem, i.e., the detection of noise, were
described in [6, 7]. :

This paper proposes a method of filtering of noise in dynamic systems. Using a sample
obtained in a noisy system, the method enables one to construct a new sample in which the
effective noise is lower. The method can also be useful when determining the nature of an
observed irregular behavior. Actually, an external random behavior can be observed in two
situations: 1) when an external attractor is present in a completely deterministic system;

2) 1if the system has a regular steady state which is perturbed by fluctuations. The reduc-
tion in the effective noise by filtering enables one to distinguish between these two situa- -
tions. )

Let us consider a discrete process, described by a mapping which is specified by arbitrary
nonlinear functions F? and G%:

X'(n+1)=F (X (n))+G (X (n)) ' (n). (1)

Here X={X!,...,X™} is an m-dimensional vector which depends on discrete time #n, and E'(n)is a
sequence of independent, random quantities. We shall assume that :

EY=0, <& (n)E (1)>=6(n—1). . (2)

Suppose that we have a fairly long sample of the process, i.e., the values of X(n) are
known for n =1, ..., Ml. Let us define a new sample Y(k) by the following recursion formula:

N

28(8" |X(G) =Y (k) ) X! (j+1)
ot :

Y (k) = —— , : : 3
Y e 1x() =) )

Jui

Here € <<.1 is a small parameter and g(u) is a weighting function which decreases fairly
rapidly as u + = (in all examples below we use the weighting function s(u) = exp(-u2)).
Formyla (3) has a simple meaning: to obtain a mapping of the point Y(k), we average over all

points whose original mappings are located in the c-neighborhood of the point Y(k). Substitut-
ing (1) into (3), we obtain: 4

Y‘(k+1)-=?"(k+1)+?‘(k+1),
where '

N

2 s XM=Y (8) P X))
S
Yi(k+1)=

i s (48)
,ZS(B"IXU)*Y(’:)I) '
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P (k1) = e ;

I : o ’ (4b)
e X () -Y(R) |)

Jmal

The transformationY (k) =Y (%k+1) can be treéted as a mapping in which Y/(k+1) describes its regular

g;r:hand Y(k+1) describes the imaginéry part. Let us derive expressions for these two parts
R :imapping in the limit as N + » and € + 0. When N + = and X(n) is an ergodic process, the
ummation in (4) can be replaced by an integral over the invariant probability density
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