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I Introduction

The mathematical description of a whole variety of phenomena in
various branches of fundamental and applied science—physics, chem-
istry, biology, electronics, ecology, economics, etc., is done using
systems of ordinary differential equations. Given definite initial con-
ditions, one can (at least, in principle) obtain the solution for all times
(if the system is good enough) and thus adequately describe the
phenomenon under study. This approach—the description of a phe-
nomenon by means of an appropriate dynamical system, has demon-
strated its fruitfulness for the most varied systems, starting from the
dynamics of variable stars (Cepheids) and ending with the dynamics
of biological populations. There has even appeared a special branch
of science, the theory of vibrations, at the junction between natural
science and mathematics. A beautiful general introduction to the
theory of vibrations is contained in the book of Andronov, Witt and
165
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Khaikin (1937). In it, we may say, is presented the first stage of the
development of this science, when the theory of regular vibrations was
constructed.

But in many systems, along with regular behavior, one observes
irregular, nonrepeating, chaotic behavior. For a long time these phe-
nomena were ignored by the theory, since it was assumed that in good
dynamical systems, because of their complete predictability, one can
observe only regular motion. This state of affairs has changed funda-
mentally over the last ten years. Thanks to the work of Lorenz (1963),
Ruelle and Takens (1971), Martin and McLaughlin (1975), as the
achievement of a wide circle of investigators, there developed the
concept of strange attractors, of stochastic vibrations in dynamical
systems. It appeared that irregular practically unpredictable behavior
can be observed in simple systems in three-dimensional phase space.
At present the number of papers in this field is growing continuously,
and the field of investigation is both expanding (as more and more
models appear from different fields) and also becoming more pro-
found (as we achieve ever greater understanding of the basic models).

In this survey we shall try to present the main accomplishments of
Soviet investigators in this area. We shall restrict our survey to
dissipative systems; a survey of work on hamiltonian systems can be
found in B. V. Chirikov (1979). Just as for nonlinear hamiltonian
mechanics, which studies the regular behavior of dynamical systems,
there remained for a long time the challenge of the problem of the
foundation of statistical mechanics, so for the theory of self-
oscillations the challenge was the problem of the development of
turbulence. The fact that turbulence is a stochastic process is clear
from its definition. Less obvious is that turbulence is a self-oscillation.
The picture of turbulence as self-oscillations in a continuous medium
was the basis of the Landau theory of the origin of turbulence. At the
time (1944) when Landau developed this theory, in the theory of
vibrations only one type of self-oscillation was known, periodic oscil-
lations to which there corresponds a limit cycle. On this basis, Landau
assumed that the transition to turbulence with increasing Reynolds
aumber Re consists in successive complication of the self-oscillations;
at Re, a limit cycle with frequency w, appears, at Re, > Re, a mode
with frequency w, becomes unstable and a doubly periodic auto-
oscillation appears, then more new frequencies, etc., and the whole
complex self-oscillation that develops as a result of the chain of
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bifurcations is turbulence. Actually, Landau proposed for describing
turbulence an attractor in the form of a torus with a quasiperiodic
winding. Of course such an attractor is more complicated than a limit
cycle, but we know now that there are even more complicated
attractors—strange attractors. A notable fact is that the bifurcational
development of many strange attractors is similar to Landau’s de-
scription. In fact, Landau assumed that the frequencies of the
“modes” w,,w,, ..., are not related. But in a nonlinear system there
is a connection: in the presence of the frequency w, the most unstable
mode is the one with frequency w,/2 (the fundamental band of
parametric instability). As a result of such a resonance bifurcation, as
was proved rigorously by Yu. I. Neimark (1959), the initial limit cycle
becomes unstable, and in its neighborhood there appears a stable
cycle with double the period. There can be infinitely many such
bifurcations with doubling of the period, and they actually lead to the
appearance of the strange attractor. Thus Landau’s hypothesis of the
transition to turbulence as the result of successive complication of
self-oscillations finds a confirmation also within the framework of
strange attractors.

Just as the theory of stochastic vibrations in hamiltonian systems
was not restricted to the problem of the foundation of statistical
mechanics, but found wide application in plasma physics, celestial
dynamics, etc., so the theory of stochastic self-oscillations went far
beyond the problem of turbulence and is used by many branches. of
science. The main subject of this theory is the study of simple models
—nonlinear equations, individual parts of which are given physical
(or chemical, biological, etc.) meaning. The technique of investigation
—a combination of rigorous mathematical, qualitative computational,
experimental, and other methods, is based on the traditions of the
classical theory of vibrations, which is associated with the names of
A. M. Lyapunov, L. I. Mandel’shtam, A. A. Andronov, 1. M. Krylov,
N. N. Bogolyubov, et al. ‘

It is this approach—the investigation of simple models and develop-
ment on this basis of intuition and “physical” pictures that we use in
the present work.

In Sec. IT we present the results of studies of the simplest dissipative
systems with stochastic behavior, and discuss the fundamental mecha-
nisms for the appearance of chaos. In Sec. III we interpret some
experiments using these mechanisms.
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II. SIMPLE SYSTEMS
1. Systems Close to Conservative

The main problems which arise in physical investigations of stochas-
ticity of dynamical systems are the development of physical pictures
of the “structure” of stochasticity, the determination of criteria for its
appearance and the working out of approximate methods of descrip-
tion. Here the use of the accumulated experience with hamiltonian
systems seems attractive (cf., for example, the paper of Chirikov,
1979). It should be emphasized that if we disregard transient pro-
cesses and consider only stationary behavior, then the attractor in the
dissipative system and the invariant manifold in the hamiltonian
system will be analogous. This also applies to simple regimes, like the
periodic one (a limit cycle is analogous to a closed trajectory of a
hamiltonian system), and to the hyperbolic regime (or strange regime,
as it is now called). We note however, that in real systems one
observes, not “pure” stochasticity, corresponding to an invariant
manifold, or to a hyperbolic (or almost hyperbolic) attractor, but
rather a regime in which there participate to some extent transient
trajectories or neighboring invariant manifolds (for a more detailed
discussion, cf. later).*

One of the simplest hamiltonian systems with stochastic behavior is
the nonlinear oscillator on which a periodic external force acts (cf.,
for example, Zaslavskii and Chirikov, 1971). Zaslavskii (1978) has
studied the effect on this system of nonconservative additional terms.
His model, in action-angle variables I, 8, is described by the following
equations:

I=—y(I - Io)+ elycosbf(t)

0 = wo + awy(I — 1)/ 1,
Here y ' is the time (for zero perturbation €) of relaxation to a limit
cycle, having amplitude I, and period 27 /w,; @ is the parameter of
nonlinearity of the oscillator, € the amplitude of the external force.

The simplest results are obtained if we take the external force f(7) in
the form of a periodic succession of narrow pulses

Jty= 3 8(1=hT) (22)

=-

2.1

*This regime may be called “wild,” following Newhouse (1978).
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Then Eq. (2.1) can be integrated over the interval T from pulse to
pulse, and thus we reduce the problem to the mapping of the cylinder
(0 < I< 00, 0< 8 <27 onto itself:

I

n

1 =Iy+ (I, — I)e " + Iecosd,
(2.3)

0

b1 =0, + on(l +tp ) + epawyTcos,  (mod2r)

where u = (1 — exp(—yT))/+T.

If there are no nonconservative elements (y = 0, p = 1), the system
(2.3) goes over into the well-investigated “fundamental model of
stochasticity of hamiltonian systems” (Zaslavskii and Chirikov, 1971).
Here the parameter K = eaw,T plays the fundamental role. When
K = 1 the motion is stochastic, which corresponds to a spreading of
the phase of the oscillator: df, , ,/df,~K. In the dissipative case the
condition for spreading out of the phase reduces to db, . /dd,~Kp
= 1. Actually one can here introduce the parameter K’
= eaw,min(y ', T), reflecting the fact that the spreading of phase
ceases if the system relaxes to a limit cycle. Thus, for strong damping
(y/wo=1), for the appearance of stochasticity one must have a
strong nonlinearity a of the oscillator and strong perturbation e.

The external form of the strange attractor that appears in the
system (2.3) when € = 0.3, a = 0.3, eaw,T = 9.03, yT = 5 is shown in
Fig. 2.1. Here we see clearly the characteristic foliation along the
unstable direction (#). It is characteristic for many systems (the most
popular is the Hénon mapping, 1976), and gives evidence of a Cantor
transverse structure.

Of definite interest is the study of the transition from hamiltonian

] 2n
Figure 2.1. Foliation of the strange attractor of system 2.1).
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