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From time series to phase in two steps
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1. From an oscillatory signal a protophase can be obtained, e.g., 
via the Hilbert transform, complex wavelet transform, etc

2. Phase is obtained from the protophase by means of the 
transformation θ → φ(θ)
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Phase equations for two coupled oscillators

• Can be reconstructed either from phases or from protophases

dϕ1,2

dt
= ω1,2 + h1,2(ϕ1,2,ϕ2,1)
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Why is the transformation               important?
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θ → ϕ

dϕ1

dt
= ω1 + q1(ϕ1,ϕ2)True equation in terms of phases

Equation in terms of protophases small term

1. Generally not small

2. Has no physical meaning

3. Masks the term we need!

dθ1

dt
= ω1 + f(θ) + q̂1(θ1, θ2)
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θ → φ
Simple, but illustrative example

φ̇1 = ω1 + ε1 sin(φ2 − φ1 − β1)

φ̇2 = ω2 + ε2 sin(φ1 − φ2 − β2)

Protophases are distorted phases, this imitates nonlinearity 

in measurements: θ1,2 = φ1,2 +
1

2
sin(φ1,2) +

1

10
cos(2φ1,2)

Function of protophases Function of phases
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θ → φ

Function of protophases Function of phases

Is correct!
Is dominated by the spurious 
dependence on the own phase!
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